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We study high Mach number limit of the one dimensional piston problem for the full compressible Euler
equations of polytropic gas, for both cases that the piston rushes into or recedes from the uniform still gas,
at a constant speed. There are two different situations, and one needs to consider measure solutions of the
Euler equations to deal with concentration of mass on the piston, or formation of vacuum. We formulate the
piston problem in the framework of Radon measure solutions, and show its consistency by proving that the
integral weak solutions of the piston problems converge weakly in the sense of measures to (singular) measure
solutions of the limiting problems, as the Mach number of the piston increases to infinity.
PACS numbers: 47.40.-x; 02.30.Jr
I. INTRODUCTION
Piston problem, as a prototype in the theory of mathematical gas dynamics and systems of hyperbolic conservation
laws, has been studied extensively in the literature (see, for example,5–9,19 and references therein). The problem may
be described as follows. Suppose there is a piston which can move leftward or rightward in an infinite long and thin
tube extending along the horizontal x-axis. The tube is filled with gas, which is enclosed by the piston on the right
hand side and is uniform and still initially. As we know, if the piston rushes into the gas with a constant speed, a
shock wave will appear ahead of the piston, while a rarefaction wave will be present in front of the piston if it recedes
from the gas. We are wondering what happens if the piston moves so fast, in the sense that the Mach number of
the piston (i.e., the ratio of the speed of the piston to the sound speed of the still gas) goes to infinity? Is there any
limiting solution to the Euler equations and what does it look like?
To our knowledge, such a problem has not been investigated before. It turns out that there are two different
cases, and for certain situation, we need to extend the admissible class of solutions to the Radon measures, since
concentration of mass or formation of vacuum may appear. We propose a way to formulate the piston problem if the
unknowns are general Radon measure on space-time domains. To demonstrate its reasonability, we also prove that
the standard self-similar integral weak solutions of the piston problems converge weakly as measures to the limiting
measure solutions.
We believe that the results are useful. In our studies of hypersonic limit of steady compressible Euler flows
passing wedges17, we had discovered that one need singular measure solutions of Euler equations to put a rigorous
mathematical foundation to the so called “Newton theory” of infinite thin shock layers of hypersonic flows passing a
straight wedge. It is well known that for hypersonic flow past a thin body, the problem might be simplified to a piston
problem16. This turns our attention to the piston problem. These studies show that considering general measure
solutions is necessary for a complete theory of the compressible Euler equations of polytropic gas. Also, once we have
a limiting solution, it might be used for theoretical and numerical studies of piston problem when its Mach number is
quite large (but not infinite), as done by Hu11, Hu and Zhang12 in the studies of high Mach number supersonic flows
past curved obstacles.
We review that singular measure solutions, mainly delta shocks, have been found necessary to solve compress-
ible Euler equations of pressureless flows, or for Chaplygin gases (see, for example,2–4,10,14,15,18,20,21 and references
therein), or many other hyperbolic systems whose characteristics are all linearly degenerate22. In1, Cavalletti et.al.
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2showed existence of a kind of measure solution to the Cauchy problem of multi-dimensional compressible Euler equa-
tions. Huang and Wang13 established a well-posedness theory of one-dimensional pressureless Euler equations with
Radon measure as initial data. These studies focus on initial-value problems, and indicate as well the importance of
considering measure solutions of systems of conservation laws.
However, it seems that there is no work on measure solutions of initial-boundary-value problems of conservation
laws17. Also, the singular measure solution appeared in our work is not a delta shock, since the singular part is
supported on the boundary of the domain. We also discover that the high Mach number limit is not simply the
vanishing pressure limit which was widely studied3,4,10,18,20.
The paper is organized as follows. In Section II, we formulate the piston problem in a way convenient for studying
high Mach number limit, and present a definition of measure solutions. The main results are Theorem II.1 and
Theorem II.2 given at the end of this section. It shall be noted that there are two situations of high Mach number
limit after nondimensionalization. One for which the temperature of the gas decreases to zero, while adiabatic
exponent γ > 1 of the gas is fixed. The other is for which temperature being positive and fixed, while γ ↓ 1. It
turns out that the latter case is more singular. In Section III, we study the case that the piston rushes to the gas
and construct its integral weak solution first. Then by passing to the limit in the vague topology of measures, we
find a limiting solution containing a weighted Dirac measure supported on the piston for the second case. This also
justified the concept of measure solutions we proposed. In Section IV, we study the case that the piston recedes from
the gas and construct self-similar solutions containing rarefaction waves. We find that the solutions converge weakly
as measures to that of the pressureless Euler flows containing a contact discontinuity and vacuum, for both cases.
II. HIGH MACH NUMBER LIMIT PISTON PROBLEM AND MAIN RESULTS
In this section we formulate the high Mach number limit piston problem. Firstly by invariance of the compressible
Euler equations under Galilean transforms, we turn to a coordinate system that moves with the piston. Then by
change of independent and dependent variables, we show the piston problem depends only on two parameters, namely,
γ, the adiabatic exponent of polytropic gas, and E0, the (re-scaled) total energy per unit mass of the gas which is
initially ahead of the piston. There are two cases for the high Mach number limit: (i) E0 → 1/2 for fixed γ > 1; (ii)
γ → 1 for fixed E0 > 1/2. Then we present a definition of measure solutions to the problems, and the main theorems
of this paper. The proofs are given in the following two sections.
A. The piston problem
The one-dimensional unsteady full compressible Euler system consists of the following conservation of mass, mo-
mentum, and energy:


∂tρ+ ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu
2 + p) = 0,
∂t(ρE) + ∂x(ρuE + up) = 0.
(1)
Here t ≥ 0 represents time, x ∈ R is the space variable. The unknowns ρ, p, u and E = 12u
2 + e are respectively the
density of mass, scalar pressure, velocity, and total energy per unit mass of the polytropic gas, with
e =
1
γ − 1
p
ρ
(2)
being the internal energy, which is proportional to the temperature of the gas. The local sound speed of the gas is
c =
√
γp
ρ
=
√
γ(γ − 1)e. (3)
Suppose initially the piston lies at x = 0, and the gas fills the space {x ≤ 0}. We assume the gas is static and
uniform, with given state
U∞ = (ρ, u, p)|t=0 = (ρ∞, 0, p∞), (4)
3and the piston moves with a given constant speed V∞. Then the space-time domain we consider is
Ω = {(t, x) : x < V∞t, t > 0}. (5)
On the trajectory of the piston
P = {(t, x) : x = V∞t, t ≥ 0},
we impose the impermeable condition
u(t, x) = V∞ on P. (6)
Problem (1)(4)(6) in the domain Ω is called Problem (A) below.
We define the Mach number M∞ of the piston with respect to the gas is
M∞ =
|V∞|
c∞
, (7)
with c∞ =
√
γp∞/ρ∞ =
√
γ(γ − 1)e∞. The purpose of this paper is to answer the following question:
Question: How to formulate the piston Problem (A) in the case that M∞ =∞ and construct a solution to it?
For the convenience of treating this question, we firstly shift the coordinates to move with the piston. Under the
following Galilean transformation:
t′ = t, x′ = x− V∞t,
ρ′(t′, x′) = ρ(t′, x′ + V∞t
′),
u′(t′, x′) = u(t′, x′ + V∞t
′)− V∞,
e′(t′, x′) = e(t′, x′ + V∞t
′),
p′(t′, x′) = p(t′, x′ + V∞t
′),
the equations (1) are invariant, while the domain Ω is reduced to a quarter plane Ω′ = {(t′, x′) : x′ < 0, t′ > 0}, and
trajectory of the piston is
P ′ = {x′ = 0, t′ ≥ 0}.
For convenience of statement, we hereafter consider Problem (A) in this new coordinates and drop all the primes
“′” without confusion. So the domain we consider becomes
Ω = {(t, x) : x < 0, t > 0}. (8)
The initial data is
U∞ = (ρ, u, E)|t=0 = (ρ∞,−V∞, E∞), (9)
and the boundary condition is
u(t, x) = 0 on P. (10)
To understand the essence ofM∞ →∞, we carry out the following non-dimensional transformations of independent
and dependent variables:
t˜ =
t
T ♭
, x˜ =
x
L♭
;
ρ˜ =
ρ
ρ∞
, u˜ =
u
|V∞|
, p˜ =
p
ρ∞V 2∞
, e˜ =
e
V 2∞
,
(11)
where T ♭ and L♭ > 0 are constants with L♭/T ♭ = |V∞|. Direct calculations show that ρ˜, u˜, p˜, e˜ still solve (1), and the
domain Ω, boundary P , as well as boundary condition (10), are invariant. However, the initial datum become to be:
ρ˜∞ = 1, u˜∞ = ±1, p˜∞ =
p∞
ρ∞V 2∞
=
1
γM2∞
,
e˜∞ =
e∞
V 2∞
=
1
γ − 1
p∞
ρ∞
1
V 2∞
=
1
γ(γ − 1)M2∞
,
E˜∞ =
u˜2∞
2
+ e˜∞ =
1
2
+
1
γ(γ − 1)M2∞
.
4The case u˜∞ = 1 means the piston rushes into the gas, while for u˜∞ = −1 the piston recedes from the gas. We note
that the piston problem is determined only by the parameters γ and M∞, or equivalently, γ and E˜∞.
For simplicity of writing, in the following we still write (t˜, x˜) as (t, x), and U˜ = (ρ˜, u˜, E˜) as U = (ρ, u, E).
In conclusion, the re-scaled piston Problem (A) consists of the Euler equations (1) defined in the domain Ω, with
boundary condition (10) on P , and initial data
U0 = (ρ, u, E)(0, x) = (1, 1, E0), x < 0 (12)
for the case the piston moves toward the gas, while
U0 = (ρ, u, E)(0, x) = (1,−1, E0), x < 0 (13)
if the piston moves backward from the gas. By definition of E and (2), we have
p = (γ − 1)ρ(E −
1
2
u2), (14)
which is considered as the state function of our problem. Henceforth we call (1)(10)(12)(13)(14) as Problem (B).
B. High Mach number limit
From (14) and definition of sound speed c, we have
1
M20
= γ(γ − 1)(E0 −
1
2
), (15)
which implies that
Case 1 For fixed γ > 1, the high Mach number limit M0 → ∞ is equivalent to the total energy E0 → 1/2, or the
temperature of the gas decreases to zero;
Case 2 For fixed initial total energy E0 > 1/2, M0 →∞ is equivalent to γ → 1.
For both cases, M0 → ∞ implies the pressure p0 of the gas which is initially ahead of the piston vanishes. However,
we will see that the high Mach number limit is not always the vanishing pressure limit.
C. Measure solutions to Problem (B)
We use
〈m,φ〉 =
∫
Ω¯
φ(t, x)m(dxdt)
to write the pairing between a Radon measure m supported on Ω¯ (the closure of Ω) and a test function φ ∈ C0(R
2),
which is continuous on R2 with compact support. The Lebesgue measure on Rd is denoted by Ld. For two measures
µ and ν, µ ≪ ν means µ is absolute continuous with respect to ν (i.e., µ vanishes on ν-null set). A typical Radon
measure singular to the Lebesgue measure L2 is the following Dirac measure supported on a rectifiable curve:
Definition II.1. Let L ⊂ R2 be a Lipschitz curve given by {(t, x) : x = x(t), t ∈ [0, T )}, and wL(t) ∈ L
1
loc(0, T ).
The Dirac measure supported on L with weight wL is defined by
〈wLδL, φ〉 =
∫ T
0
wL(t)φ(t, x(t))
√
x′(t)2 + 1dt, ∀φ ∈ C0(R
2). (16)
Now we reformulate Problem (B) so that the unknowns may be measures, rather than functions considered before.
Definition II.2. For any E0 ≥ 1/2, γ ≥ 1 and 0 < M0 ≤ ∞, let ̺,m, n,m
1, n1, n2, ℘ be Radon measures supported
on Ω, wp a locally integrable function on (R
+ ∪{0},L1), and u,E are ̺-measurable functions. Then (̺, u, E) is called
a measure solution to the piston Problem (B), provided that:
5i) For any φ ∈ C10 (R
2), there hold
〈̺, ∂tφ〉+ 〈m, ∂xφ〉+
∫ 0
−∞
ρ0φ(0, x)dx = 0, (17)
〈m, ∂tφ〉+ 〈n, ∂xφ〉+ 〈℘, ∂xφ〉 − 〈wpδP , φ〉+
∫ 0
−∞
(ρ0u0)φ(0, x)dx = 0, (18)
〈m1, ∂tφ〉+ 〈n
1, ∂xφ〉 + 〈n
2, ∂xφ〉+
∫ 0
−∞
(ρ0E0)φ(0, x)dx = 0; (19)
ii) ̺ is nonnegative, m≪ ̺, n≪ m, m1 ≪ ̺, n1 ≪ m1, n2 ≪ ℘, ℘≪ ̺, and
u =
m(dxdt)
̺(dxdt)
=
n(dxdt)
m(dxdt)
=
n1(dxdt)
m1(dxdt)
=
n2(dxdt)
℘(dxdt)
, E =
m1(dxdt)
̺(dxdt)
, (20)
while u = 0, E = 0 on those sets where ̺ = 0;
iii) If ̺ ≪ L2 with derivative ρ(t, x) in a neighborhood Ø of (t, x) ∈ Ω¯, and ℘ ≪ L2 with derivative p(t, x) in Ø,
then L2-a.e. there holds
p = (γ − 1)ρ(E −
1
2
u2) in Ø; (21)
In addition, the classical Lax entropy condition is valid for discontinuities of the functions ρ, u, E in this situation.
Remark II.1. We may write (17)-(19) formally as

∂t̺+ ∂xm = 0,
∂tm+ ∂x(n+ ℘) = −wpδP ,
∂tm
1 + ∂x(n
1 + n2) = 0.
(22)
Note that to study boundary-value problems, the momentum equation, i.e., (22)2, contains a Dirac measure on the
right hand side.
Definition II.3. Let {(̺k, uk, Ek)}
∞
k=1 and (̺, u, E) be measure solutions, with corresponding Radon measures
̺k,mk, nk, m
1
k, n
1
k, n
2
k, ℘k and ̺,m, n,m
1, n1, n2, ℘, and weights wp
k, wp. We say that {(̺k, uk, Ek)}
∞
k=1 converges
weakly as measures to (̺, u, E) for k →∞, if the measures ̺k,mk, nk,m
1
k, n
1
k, n
2
k, ℘k converge weakly to ̺,m, n, m
1,
n1, n2,℘ correspondingly, and wkp → wp locally in L
1(R+ ∪ {0}), as k →∞.
We can now state the main results of this paper.
Theorem II.1. For the piston moving toward the gas, Problem (B) has measure solutions for each Mach number
0 < M0 ≤ ∞ in the sense of Definition II.2.
Case 1 For fixed γ > 1, these solutions converge to (32) as E0 → 1/2 in the sense of weak convergence of measures;
Case 2 For fixed E0 > 1/2 and γ → 1, these solutions converge weakly as measures to a singular measure solution with
density containing a weighted Dirac measure on the piston, given by (37).
Theorem II.2. For the piston receding from the gas, for fixed 0 < M0 < ∞, Problem (B) has an integral weak
solution consisting of rarefaction waves and constant states. Vacuum occurs ahead of the piston if M0 > 2/(γ − 1).
Otherwise, there is no vacuum.
Case 1 If γ > 1 is fixed, the high Mach number limit (E0 = 1/2) corresponds to the pressureless Euler flow given by
(47) with vacuum, and vacuum occur even for large M0 (small E0 − 1/2);
Case 2 If E0 > 1/2 is fixed, the high Mach number limit (γ = 1) corresponds to the pressureless Euler flow given by
(50) with vacuum, but there is no vacuum for large M0 (or small but nonzero γ − 1).
For both cases, the sequence of integral weak solutions converge weakly to the limiting solutions in the sense of measures.
6III. HIGH MACH NUMBER LIMIT FOR PISTON RUSHING TO GAS
In this section, we prove Theorem II.1. We first construct the well-known self-similar solutions by using Rankine-
Hugoniot conditions, and then taking limit of these solutions to obtain a measure solution to the limiting situation
M0 =∞.
A. Self-similar solutions containing a shock
Since shocks appear ahead of the piston when it moves into the gas, we need the following well-known notion of
integral weak solution of Problem (B).
Definition III.1. We call (ρ, u, E) ∈ L∞(Ω;R3) an integral weak solution to Problem (B), if for any φ ∈ C10 (R
2),
there hold 

∫
Ω
(ρ∂tφ+ ρu∂xφ)dxdt +
∫ 0
−∞
ρ0(x)φ(0, x)dx = 0,∫
Ω
(ρu∂tφ+ (ρu
2 + p)∂xφ)dxdt−
∫ ∞
0
p(t, 0)φ(t, 0)dt+
∫ 0
−∞
ρ0(x)u0(x)φ(0, x)dx = 0,∫
Ω
(ρE∂tφ+ (ρuE + up)∂xφ)dxdt +
∫ 0
−∞
ρ0(x)E0(x)φ(0, x)dx = 0,
(23)
and the Lax entropy condition is valid for any discontinuities in Ω.
In order to find the limiting solution, we would like to obtain the solution for fixed M0 < ∞ first. Noting that
Problem (B) is a Riemann problem with boundary condition (10), one can construct a piecewise constant self-similar
solution of the form
U(t, x) = V (
x
t
) =
{
V0 = (1, 1, E0), −∞ ≤
x
t < σ,
V1 = (ρ1, 0, E1), σ <
x
t
≤ 0,
(24)
with ρ1 > 1 to fulfill the entropy condition. Then (23) is reduced to the following Rankine-Hugoniot conditions:

σ(ρ1 − ρ0) = ρ1u1 − ρ0u0,
σ(ρ1u1 − ρ0u0) = ρ1u
2
1 + p1 − ρ0u
2
0 − p0,
σ(ρ1E1 − ρ0E0) = ρ1u1E1 + u1p1 − ρ0u0E0 − u0p0.
(25)
In view of ρ0 = 1, u0 = 1, u1 = 0, it follows from (25)1 that the speed of shock-front is
σ = −
1
ρ1 − 1
. (26)
Inserting it into (25)2 gives
p1 = p0 + 1 +
1
ρ1 − 1
. (27)
Substituting (26) into (25)3 yields
E1 =
1
ρ1
((ρ1 − 1)(E0 + p0) + E0). (28)
Since p1 = (γ − 1)ρ1(E1 −
1
2u
2
1) and u1 = 0, we have
p0 + 1 +
1
ρ1 − 1
= (γ − 1)((ρ1 − 1)(E0 + p0) + E0),
or equivalently,
(γ − 1)(E0 + p0)(ρ1 − 1)
2 + ((γ − 1)E0 − p0 − 1)(ρ1 − 1)− 1 = 0.
7In view of ρ1 > ρ0 = 1, it follows that
ρ1 = 1 +
p0 + 1− (γ − 1)E0 +
√
((γ − 1)E0 − p0 − 1)2 + 4(γ − 1)(E0 + p0)
2(γ − 1)(E0 + p0)
. (29)
We thus obtain an integral weak solution to Problem (B) of the form (24), with ρ1, σ and E1 given by (29)(26)
and (28) respectively. These solutions depend on the Mach number of the piston M0 as mentioned in (15). For
0 < M0 <∞, by Definition III.1, one can easily check that ̺ = ρ(t, x;M0)L
2, u = u(t, x;M0), E = E0(t, x;M0), with
(ρ, u, E) the solution constructed in (24), is a measure solution to Problem (B), just by taking

̺ = ρ(t, x;M0)L
2, m = ρu(t, x;M0)L
2,
n = ρu2(t, x;M0)L
2, m1 = ρE(t, x;M0)L
2,
n1 = ρuE(t, x;M0)L
2, n2 = up(t, x;M0)L
2,
℘ = p(t, x;M0)L
2, wp = wp(t;M0) = p1.
(30)
In the following we consider the high Mach number limit M0 =∞ for Problem (B). As shown in Section II B, there
are two cases.
B. Case 1: Fix γ > 1 and M0 → ∞
Lemma III.1. For fixed γ > 1, as functions of M0, all p0, ρ1, σ, e1, E1, p1 are C
2 with respect to M0, and
lim
M0→∞
p0 = 0, lim
M0→∞
E0 =
1
2
, lim
M0→∞
ρ1 =
γ + 1
γ − 1
,
lim
M0→∞
p1 =
γ + 1
2
, lim
M0→∞
E1 =
1
2
, lim
M0→∞
σ =
1− γ
2
.
(31)
Proof. Since p0 = 1/(γM
2
0 ), we have limM0→∞ p0 = 0. That limM0→∞E0 = 1/2 follows from (15). Inserting these
into (29), one gets
lim
M0→∞
ρ1 = 1 +
1− γ−12 +
√
(γ−32 )
2 + 2(γ − 1)
γ − 1
=
γ + 1
γ − 1
.
Then by (27),
lim
M0→∞
p1 = lim
M0→∞
p0 + 1 + lim
M0→∞
1
ρ1 − 1
=
γ + 1
2
,
lim
M0→∞
E1 = lim
M0→∞
p1
(γ − 1)ρ1
=
1
2
,
lim
M0→∞
σ = lim
M0→∞
−1
ρ1 − 1
=
1− γ
2
.
This completes proof of the lemma.
It is easy to verify that
U(t, x;∞) = (ρ, u, E)(t, x;∞) =


(1, 1,
1
2
), −∞ <
x
t
<
1− γ
2
,
(
γ + 1
γ − 1
, 0,
1
2
),
1− γ
2
<
x
t
< 0
(32)
is an integral weak solution of Problem (B) when E0 = 1/2. Let ̺ = ρL
2, then obviously, (̺, u, E) satisfies Definition
II.2 and thus is a measure solution. We note that there is no concentration of mass for this case.
Recall that we denote by (̺, u, E)(t, x;M0) the measure solution for givenM0 obtained above. That (̺, u, E)(t, x;M0)
converge weakly as measures to (̺, u, E)(t, x;∞) follows from the fact that for any φ ∈ C0(R), there hold, asM0 →∞,
with η = x/t, that ∫ 0
−∞
F (V (η;M0))φ(η)dη = F (V0(M0))
∫ σ(M0)
−∞
φ(η)dη + F (V1(M0))
∫ 0
σ(M0)
φ(η)dη
→ F (V0(∞))
∫ σ(∞)
−∞
φ(η)dη + F (V1(∞))
∫ 0
σ(∞)
φ(η)dη,
8and ∫ 0
−∞
G(V (η;M0))φ(η)dη = G(V0(η;M0))
∫ σ(M0)
−∞
φ(η)dη +G(V1(M0))
∫ 0
σ(M0)
φ(η)dη
→ G(V0(η;∞))
∫ σ(∞)
−∞
φ(η)dη +G(V1(∞))
∫ 0
σ(∞)
φ(η)dη.
Here σ(∞) = limM0→∞ σ(M0) = (1− γ)/2, and
F (V0(∞)) = lim
M0→∞
(ρ0, ρ0u0, ρ0E0) = (1, 1, 1/2),
F (V1(∞)) = lim
M0→∞
(ρ1, ρ1u1, ρ1E1) = (
γ + 1
γ − 1
, 0,
γ + 1
2(γ − 1)
),
G(V0(∞)) = lim
M0→∞
(ρ0u0, ρ0u
2
0 + p0, ρ0u0E0 + u0p0) = (1, 1, 1/2),
G(V1(∞)) = lim
M0→∞
(ρ1u1, ρ1u
2
1 + p1, ρ1u1E1 + u1p1) = (0,
γ + 1
2
, 0).
Then return to (t, x) variables, similar to the proof of (36) below, by Definition II.3, we justified consistency of
Definition II.2 and proved Case 1 in Theorem II.1.
We note that although p0 → 0 as M0 → ∞, the limit of p1 is not 0. Thus the high Mach number limit is not the
vanishing pressure limit for this case.
C. Case 2: Fix E0 > 1/2 and M0 → ∞
Lemma III.2. For fixed E0 > 1/2, all p0, ρ1, σ, e1, E1, p1, as functions of M0 (or equivalently γ ≥ 1), are C
2, and
lim
M0→∞
p0 = 0, lim
M0→∞
ρ1 =∞, lim
M0→∞
p1 = 1,
lim
M0→∞
E1 = E0, lim
M0→∞
σ = 0, lim
M0→∞
ρ1σ = −1.
(33)
Proof. Recall that p0 = 1/(γM
2
0 ), one has limM0→∞ p0 = 0. Inserting it into (29) and by the equivalence of M0 →∞
and γ → 1, it follows that
lim
M0→∞
ρ1 = lim
γ→1
ρ1 =∞.
Then by (27), it holds
lim
M0→∞
p1 = lim
M0→∞
p0 + 1 + lim
M0→∞
1
ρ1 − 1
= 1.
By (28),
lim
M0→∞
E1 = lim
M0→∞
((1−
1
ρ1
)E0 + p0 +
E0
ρ1
) = E0.
From (26), one gets
lim
M0→∞
σ = lim
M0→∞
−1
ρ1 − 1
= 0,
while
lim
M0→∞
σρ1 = lim
M0→∞
−1
ρ1 − 1
ρ1 = −1.
The proof of the lemma is completed.
9We infer from this lemma that as M0 →∞, the speed of the shock-front converges to the speed of the piston with
an error of the order γ − 1, or equivalently, 1/M20 . So for this high Mach number limiting case, we may guess that
the shock coincides with the piston. To characterize clearly the limit, we encounter singular measure solutions to the
Euler equations.
The idea is to take weak limit of the measure solution (cf. Definition II.3)
̺ = ρ(t, x;M0)L
2, u = u(t, x;M0), E = E0(t, x;M0)
obtained by (30). Since the solution is self-similar, we firstly work in the variable η = x/t. For any φ ∈ C0(R), we
have ∫ 0
−∞
ρ(η;M0)φ(η)dη = ρ0(η;M0)
∫ σ(M0)
−∞
φ(η) dη + ρ1(η;M0)
∫ 0
σ(M0)
φ(η)dη. (34)
By (33) and recall ρ0 = 1, we have
lim
M0→∞
ρ0(η,M0)
∫ σ(M0)
−∞
φ(η)dη =
∫ 0
−∞
φ(η)dη,
and
lim
M0→∞
ρ1(η;M0)
∫ 0
σ(M0)
φ(η)dη = lim
M0→∞
ρ1(η;M0))(−σ(M0)) lim
M0→∞
1
−σ(M0)
∫ 0
σ(M0)
φ(η)dη
=φ(0).
Therefore we proved
lim
M0→∞
∫ 0
−∞
ρ(η;M0)φ(η)dη =
∫ 0
−∞
φ(η)dη + φ(0).
Similarly, we have
lim
M0→∞
∫ 0
−∞
ρu(η;M0)φ(η)dη =
∫ 0
−∞
φ(η)dη,
lim
M0→∞
∫ 0
−∞
ρu2(η;M0)φ(η)dη =
∫ 0
−∞
φ(η)dη,
lim
M0→∞
∫ 0
−∞
p(η;M0)φ(η)dη = 0,
lim
M0→∞
∫ 0
−∞
ρE(η;M0)φ(η)dη = E0
∫ 0
−∞
φ(η)dη + E0φ(0),
lim
M0→∞
∫ 0
−∞
ρuE(η;M0)φ(η)dη = E0
∫ 0
−∞
φ(η)dη,
lim
M0→∞
∫ 0
−∞
up(η;M0)φ(η)dη = 0.
Hence we proved that
lim
M0→∞
∫ 0
−∞
F (V (η;M0))φ(η)dη = F (V0(∞))
∫ 0
−∞
φ(η)dη + φ(0)(1, 0, E0),
lim
M0→∞
∫ 0
−∞
G(V (η;M0))φ(η)dη = G(V0(∞))
∫ 0
−∞
φ(η)dη,
(35)
where
F (V0(∞)) = lim
M0→∞
(ρ0, ρ0u0, ρ0E0) = (1, 1, E0),
G(V0(∞)) = lim
M0→∞
(ρ0u0, ρ0u
2
0 + p0, ρ0u0E0 + u0p0) = (1, 1, E0).
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Next we return to the (t, x)-plane. Let ψ(t, x) ∈ C0(R
2) be a test function, and φ(t, η) = ψ(t, ηt). Then by
change-of-variables and Lebesgue dominant convergence theorem, we have
lim
M0→∞
∫
Ω
F (U(t, x;M0))ψ(t, x)dxdt =
∫ ∞
0
t lim
M0→∞
∫ 0
−∞
F (V (η;M0))φ(t, η)dηdt
=
∫ ∞
0
F (V0(∞))
∫ 0
−∞
φ(t, η)tdηdt + (t, 0, E0t)
∫ ∞
0
φ(t, 0)dt
=
∫
Ω
F (V0(∞))ψ(t, x) dxdt + (t, 0, E0t)
∫ ∞
0
φ(t, 0)dt,
lim
M0→∞
∫
Ω
G(U(t, x;M0))ψ(t, x)dxdt =
∫ ∞
0
t lim
M0→∞
∫ 0
−∞
G(V (η;M0))φ(t, η)dηdt
=
∫ ∞
0
G(V0(∞))
∫ 0
−∞
φ(t, η)tdηdt =
∫
Ω
G(V0(∞))ψ(t, x) dxdt.
(36)
These imply that all the quantities in (30) converge to the following measures in the sense of weak convergence of
measures: 

̺ = IΩL
2 + tδP , m = IΩL
2, n = IΩL
2,
m1 = E0IΩL
2 + E0tδP , n
1 = E0IΩL
2, n2 = 0,
℘ = 0, wp(t) = 1.
(37)
Here by IA we denote the indicator function of a set A, i.e., IA(t, x) =
{
1, (t, x) ∈ A,
0, (t, x) /∈ A.
Now taking M0 → ∞ in (17)-(19), where the measures are given by (30), by the above convergence results, we
infer that the measures given by (37) provides a singular measure solution (̺ = IΩL
2 + tδP , u = IΩ, E = E0IΩ) to
the limiting case M0 = ∞ for Problem (B). This also justified consistency of Definition II.2. The proof of Case 2 in
Theorem II.1 is completed.
IV. HIGH MACH NUMBER LIMIT FOR PISTON RECEDING FROM GAS
This section is devoted to the proof of Theorem II.2. We consider the piston moves backward from the gas. As stated
in Section II, the initial data now is given by (13). We can as well construct a solution of the form U(t, x) = V (x/t)
and then study its limiting behaviour corresponding to the two cases of high Mach number limit.
A. Self-similar solutions containing rarefaction waves
For any fixed 0 < M0 < ∞, we suppose the solution is composed of two constant states V0 = (1,−1, E0), V1 =
(ρ1, 0, E1), and a 1-rarefaction wave Vm connecting them:
U(t, x) = V (
x
t
) =


V0, −∞ ≤
x
t
≤ λ1(V0),
Vm(
x
t ), λ1(V0) ≤
x
t ≤ λ1(V1),
V1, λ1(V1) ≤
x
t
≤ 0,
(38)
where λ1(U) = u − c is the first eigenvalue of the system (1). By
19 (p. 353), for given left state ρ0, u0, p0 and right
state ρ1, u1, p1, if they can be connected by a 1-rarefaction wave, then

p1
p0
= exp (−s),
ρ1
ρ0
= exp (−s/γ),
u1 − u0
c0
=
2
γ − 1
(
1− exp(−
γ − 1
2γ
s)
)
,
(39)
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where s ≥ 0 is a parameter. Therefore, we have


pm(s) = p0 exp (−s),
ρm(s) = ρ0 exp (−s/γ),
um(s) = u0 +
2c0
γ − 1
(
1− exp(−
γ − 1
2γ
s)
)
,
(40)
with s ≥ 0 satisfying um(s)− cm(s) = η = x/t ∈ (−∞, 0].
Recall that ρ0 = 1, u0 = −1, p0 = (γ−1)(E0−
1
2 ) and thus c0 =
√
γ(γ − 1)(E0 −
1
2 ), by (40)2 we have exp(−s/γ) =
ρm. Inserting it into (40)3 gives
um = −1 + 2
√
γ(E0 −
1
2 )
γ − 1
(1− ρ
γ−1
2
m ) = −1 +
2
(γ − 1)M0
(1 − ρ
γ−1
2
m ). (41)
In view of
pm = p0 exp(−s) = (γ − 1)(E0 −
1
2
)ργm,
we have
cm =
√
γpm
ρm
=
√
γ(γ − 1)(E0 −
1
2
)ργ−1m .
Then for the 1-rarefaction wave, the characteristic speed is
η = um − cm = −1 + 2
√
γ(E0 −
1
2 )
γ − 1
(1− ρ
γ−1
2
m )−
√
γ(γ − 1)(E0 −
1
2
)ργ−1m . (42)
We thus could solve from this formula ρm as a function of η = x/t ∈ (−∞, 0], with γ > 1 and E0 > 1/2 being
parameters. In this way we obtain integral weak solution U(t, x;M0) to Problem (B) for any fixed M0 <∞.
We go on to see if and where vacuum will present as the piston moves away from the gas. As we know, the density
decreases along the rarefaction wave as η increases. If ρm(η) 6= 0 when η = 0, then there is no vacuum in the tube.
In this situation, if u1 = 0, inserting it into (41) gives
ρ1 =
(
1−
(γ − 1)M0
2
) 2
γ−1
. (43)
Therefore ρ1 > 0 if and only if
M0 <
2
γ − 1
. (44)
This guarantees non-existence of vacuum ahead of the piston.
If vacuum do appear in the tube, then substituting ρm = 0 into (42) shows that the speed of vacuum boundary is
η = −1 + 2
√
γ(E0 −
1
2 )
γ − 1
= −1 +
2
(γ − 1)M0
. (45)
Hence the domain occupied by vacuum is
−1 +
2
(γ − 1)M0
≤ η =
x
t
≤ 0.
We now study the high Mach number limit.
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B. High Mach number limit
We firstly consider Case 1, namely γ > 1 being fixed, while E0 → 1/2. Taking the limit on both sides of (45) gives
η = lim
M0→∞
(−1 +
3− γ
(γ − 1)M0
) = −1. (46)
Since −1 ≤ um ≤ 0 and 0 ≤ ρm ≤ 1, (46) means that in the limiting case the rarefaction wave degenerates to a
line x = −t, which is a contact discontinuity, and beyond the line, the density and thus the pressure p vanish. The
limiting solution is given by
U(t, x;∞) = V (
x
t
;∞) =
{
(1,−1, 1/2), −∞ ≤ xt ≤ −1,
(0, 0, 0), −1 < x
t
≤ 0,
(47)
or (̺ = I{x≤−t}L
2, u = −I{x≤−t}, E =
1
2 I{x≤−t}) It is straightforward to prove that as M0 → ∞, the solution
U(t, x;M0) converges weakly to U(t, x;∞) in the sense of measures, which is also a solution of the pressureless Euler
equations: 

∂tρ+ ∂x(ρu) = 0,
∂t(ρu) + ∂x(ρu
2) = 0,
∂t(ρE) + ∂x(uρE) = 0,
(48)
which corresponds to (22) with ℘ = 0, wp = 0. We thus proved Case 1 claimed in Theorem II.2.
Next we consider Case 2, for which E0 > 1/2 is fixed, and γ → 1. It follows from E0 =
1
2 +
1
γ(γ−1)M2
0
(cf. (15)) that
M0 =
1√
γ(γ − 1)(E0 −
1
2 )
. (49)
Then (γ − 1)M0 = O(1/M0). It means that (44) holds for sufficiently large Mach number M0 and thus no vacuum
appears ahead of the piston for large but finite M0.
Now from (49) and (41), we have
ρm =
(
1−
um + 1
2
√
γ − 1
γ(E0 −
1
2 )
) 2
γ−1
,
hence limM0→∞ ρm = limγ→1 ρm = 0 whenever um > −1. This means in the limit the gas is also rarefied to vacuum
in the domain −1 < x/t ≤ 0, although we knew for any fixed M0 large, there is no vacuum. Furthermore, we have
lim
M0→∞
p0 = 0, lim
M0→∞
pm = lim
M0→∞
(γ − 1)ργm(E0 −
1
2
) = 0;
lim
M0→∞
em = lim
M0→∞
1
γ − 1
pm
ρm
= E0 −
1
2
, lim
M0→∞
cm = 0.
The limiting solution might be written as
U ′(t, x;∞) = V ′(
x
t
;∞) =
{
(1,−1, E0), −∞ ≤
x
t
≤ −1,
(0, 0, 0), −1 < x
t
≤ 0,
(50)
which is also a solution to the pressureless Euler equations (48). The weak convergence of U(t, x;M0) to U
′(t, x;∞)
in the sense of measures and consistency could be checked directly. We thus proved Case 2 in Theorem II.2.
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